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Abstract 

This encyclopedia article briefly reviews without proofs some of the main results in Poisson 
reduction. The article recalls most the necessary prerequisites to understand the main results. 

The Poisson reduction techniques allow the construction of new Poisson structures out of a given 
one by combination of two operations: restriction to submanifolds that satisfy certain compatibility 
assumptions and passage to a quotient space where certain degeneracies have been eliminated. For 
certain kinds of reduction it is necessary to pass first to a submanifold and then take a quotient. Before 
making this more explicit we introduce the notations that will be used in this article. All manifolds in 
this article are finite dimensional. 

Poisson manifolds. A Poisson manifold is a pair (M, {•,•}), where M is a manifold and {•, •} is a 
bilinear operation on C°°{M) such that (C°°(Af), {■, ■}) is a Lie algebra and {•, •} is a derivation (that is, 
the Leibniz identity holds) in each argument. The pair (C°°(M), {■, ■}) is also called a Poisson algebra. 
The functions in the center C{M) of the Lie algebra {C°°{M), {•, •}) are called Casimir functions. 
From the natural isomorphism between derivations on C°°{M) and vector fields on A/, it follows that 
each h G C°°(M) induces a vector field on M via the expression Xh = {•, /i}, called the Hamiltonian 
vector field associated to the Hamiltonian function h. The triplet {AI, {•,•}, h) is called a Poisson 
dynamical system. Any Hamiltonian system on a symplectic manifold is a Poisson dynamical system 
relative to the Poisson bracket induced by the symplectic structure. Given a Poisson dynamical system 
(M, {•, •}, h), its integrals of motion or conserved quantities are defined as the centralizer of h in 
(C°°(M), {•, •}) that is, the subalgebra of (C°°(M), {•, •}) consisting of the functions / G C°°{M) such 
that {/, h} — 0. Note that the terminology is justified since, by Hamilton's equations in Poisson bracket 
form, we have / = Xh[f] = {/, h} = 0, that is, / is constant on the flow of X^. A smooth mapping 
ip : Ml M2, between the two Poisson manifolds (Mi, {•, - ji) and (M2, {•, •}2) is called canonical or 
Poisson if for all g, h ^ C°°{M2) we have ip*{g, h}2 = {(p*g, (p*g}i . If 1^9 : Mi M2 is a smooth 
map between two Poisson manifolds (Mi, {•, - ji) and (M2, {•, •}2) then ip is a Poisson map if and only 
if T(p o Xhoif, — Xh o (/? for any h G C°°(M2), where T(f : TMi TM2 denotes the tangent map (or 
derivative) of tp. 

Let {S, {•, ■}^) and (M, {•, - j*^) be two Poisson manifolds such that S C M and the inclusion is : S ^ 
M is an immersion. The Poisson manifold {S, {•, •}'^) is called a Poisson submanifold of {M, {•, - j^^) 
if is is a canonical map. An immersed submanifold Q of M is called a quasi Poisson submanifold 
of (Af, {•, - j*^) if for any q € Q, any open neighborhood U of q in M, and any / G C°°{U) we have 
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^fi'^Qil)) € TqiQ{TqQ), where iq : Q ^ M is the inclusion and Xf is the Hamiltonian vector field of / 
on U with respect to the Poisson bracket of M restricted to U . If (5, {•, ■}^) is a Poisson submanifold of 
(Af, {•, -j*^) then there is no other bracket {■,■}' on S making the inclusion i : S ^ M into a canonical 
map. If Q is a quasi Poisson submanifold of (M, {•,•}) then there exists a unique Poisson structure 
{•, on Q that makes it into a Poisson submanifold of (M, {•, •}) but this Poisson structure may be 
different from the given one on Q. Any Poisson submanifold is quasi Poisson but the converse is not 
true in general. 

The Poisson tensor and symplectic leaves. The derivation property of the Poisson bracket implies 
that for any two functions /, g G C°°(M), the value of the bracket {/, g}{z) at an arbitrary point z G M 
(and therefore Xf{z) as well), depends on / only through df{z) which allows us to define a contravariant 
antisymmetric two-tensor B £ A^(T*M), called the Poisson tensor, by B{z)(az, (3z) = {/, g}{z), 
where df{z) = e T;M and Ag(z) ^ (3^ & T;M. The vector bundle map S« : T*M TM 
over the identity naturally associated to B is defined by B{z){az, (3z) — {oiz, B^{f3z))- Its range D :— 
B'^{T*M) C TM is called the characteristic distribution of (M, {•,•}) since _D is a generalized 
smooth integrable distribution. Its maximal integral leaves are called the symplectic leaves of M for 
they carry a symplectic structure that makes them into Poisson submanifolds. As integral leaves of an 
integrable distribution, the symplectic leaves C are initial submanifolds of Af, that is, the inclusion 
i : £ ^ M is an injective immersion such that for any smooth manifold P, an arbitrary map g : P ^ C 
is smooth if and only \i io g : P ^ M \s smooth. 

1 Poisson reduction 

Canonical Lie group actions. Let (Af, {•, •}) be a Poisson manifold and let G be a Lie group acting 
canonically on M via the map $ : G x Af ^ Af. An action is called canonical if for any h G G and 
f,ge C°°{M) one has 

{/o$,„5o$^} = {/,5}o$;,. 

If the G-action is free and proper then the orbit space M/G is a smooth regular quotient manifold. 
Moreover, it is also a Poisson manifold with the Poisson bracket {•, ■}^^^^ , uniquely characterized by 
the relation 

{/, gV^^'iTTim)) = {fon,go (1.1) 

for any m G M and where /, g : M/G M arc two arbitrary smooth functions. This bracket is 
appropriate for the reduction of Hamiltonian dynamics in the sense that if ft. S C°°{M)'^ is a G- 
invariant smooth function on Af , then the Hamiltonian flow Ft of Xh commutes with the G-action, so it 
induces a flow F^^^'^ on M/G that is Hamiltonian on {M/G, {•, •}*^/'^) for the reduced Hamiltonian 
function [h] G C°°{M/G) defined by [ft] o tt = ft. 

If the Poisson manifold (Af, {•,•}) is actually symplectic with form lo and the G-action has an 
associated momentum map 3 : M ^ q* , then the symplectic leaves of (M/G, {•, - j*^/*^) are given by 

the spaces ^Af^ :— G ■ 3^'^{^Y-' /G,ijJq ^, where J~^(/i)'^ is a connected component of the fiber J^^(/i) 
and ujq is the restriction to Af^ of the symplectic form ujo^, of the symplectic orbit reduced space 
A/q^ (see If, additionally, G is compact, M is connected, and the momentum map J is proper 

then M5, = Mq ■ 

In the remainder of this section we characterize the situations in which now Poisson manifolds can 
be obtained out of a given one by a combination of restriction to a submanifold and passage to the 
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quotient with respect to an equivalence relation that encodes the symmetries of the bracket. 

Definition 1.1 Let {M, {■, •}) be a Poisson manifold and D C TM a smooth distribution on M. The 
distribution D is called Poisson or canonical , if the condition dflo = dfflr) = 0, for any f,gG 

C°°{U) and any open subset U C P, implies that d{f, g}\D = 

Unless strong regularity assumptions are invoked, the passage to the leaf space of a canonical distri- 
bution destroys the smoothness of the quotient topological space. In such situations the Poisson algebra 
of functions is too small and the notion of presheaf of Poisson algebras is needed. 

Definition 1.2 Let M be a topological space with a presheaf of smooth functions. A presheaf of 

Poisson algebras on {M,T) is a map {•, •} that assigns to each open set U <Z M a bilinear operation 
{•,•}[/ : T{U) X J-{U) ^{U) such that the pair {T{U)^{-^-}u) is a Poisson algebra. A presheaf of 
Poisson algebras is denoted as a triple {M,J^, {■,■}). The presheaf of Poisson algebras (M, J-", {•, •}) is 
said to be non- degenerate if the following condition holds: if f G 3'{U) is such that {f,g}ur\v = 0, 
for any g G ^{V) and any open set of V , then f is constant on the connected components of U . 

Any Poisson manifold (M, {•,•}) has a natural presheaf of Poisson algebras on its presheaf of smooth 
functions that associates to any open subset U of M the restriction {•,•}![/ of {•,•} to C°°{U) x C°°{U). 

Definition 1.3 Let P be a topological space and Z = {S'i}ig/ a locally finite partition of P into smooth 
manifolds Si C P, i € I, that are locally closed topological subspaces of P (hence their manifold topology 
is the relative one induced by P). The pair {P,Z) is called a decomposition of P with pieces in Z, 
or a decomposed space, if the following frontier condition holds: 

(DS) If R, S € Z are such that Rf] S ^ 9, then R C S. In this case we write R ^ S. If, in addition, 
R^ S we say that R is incident to S or that it is a boundary piece of S and write R -< S. 

Definition 1.4 Let M be a differentiable manifold and S C M a decomposed subset of M. Let {Si}i^i 
be the pieces of this decomposition. The topology of S is not necessarily the relative topology as a subset 
of M. Then D c TM\s is called a smooth distribution on S adapted to the decomposition 
{Si}i^i, if D (1 TSi is a smooth distribution on Si for all i G I. The distribution D is said to be 
integrable if DCi TSi is integrable for each i G I. 

In the situation described by the previous definition and if D is integrable, the integrability of the 
distributions Ds^ := D D TSi on Si allows us to partition each Si into the corresponding maximal 
integral manifolds. Thus, there is an equivalence relation on Si whose equivalence classes are precisely 
these maximal integral manifolds. Doing this on each Si, we obtain an equivalence relation Dg on the 
whole set S by taking the union of the different equivalence classes corresponding to all the Ds^ ■ Define 
the quotient space S/Ds by 

S/Ds := U Si/Ds^ 
and let ttds '■ S — > S/Ds be the natural projection. 

The presheaf of smooth functions on S/Ds- Define the presheaf of smooth functions Cg/D^ 
on S/Ds as the map that associates to any open subset V of S/Ds the set of functions (V) 
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characterized by the following property: / S C'^^jj^{V) if and only if for any z £ V there exists 
m G 7r^g(l^), Urn open neighborhood of m in A/, and F G C°°{Um) such that 

/°'^£'sl7r„^(y)nc/„ = ^l7r„^(v)n)7™; (1-2) 

is called a local extension of / o ttu^ at the point m G 7r2^^(y). When the distribution D is trivial, 
the presheaf C^^jj^ coincides with the presheaf of Whitney smooth functions C|°^^ on S induced by 
the smooth functions on M . 

The presheaf C'sy^jg is said to have the {D, Ds)-local extension property when the topology of 
S is stronger than the relative topology and, at the same time, the local extensions of / o Tr^jg defined 
in p.2fl can always be chosen to satisfy 

D(ji) = 0, for any n G tt^^ {V) fl 

F is called a local D-invariant extension of / o ttds at the point m G 7r^!,(^)- If S" is a smooth 
embedded submanifold of M and Ds is a smooth, integrable, and regular distribution on S, then the 
presheaf C'^^jj^ coincides with the presheaf of smooth functions on S/Ds when considered as a regular 
quotient manifold. 

The following definition spells out what we mean by obtaining a bracket via reduction. 

Definition 1.5 Let (M, {■,■}) be a Poisson manifold, S a decomposed subset of M , and D C TM\s 
a Poisson integrable generalized distribution adapted to the decomposition of S . Assume that C'^^jj^ 
has the {D, Ds)-local extension property. Then (M, {■,■}, D, 5) is said to be Poisson reducible if 
{S/Ds,C'^^j~i^,{-,-}^^-^^) is a well defined presheaf of Poisson algebras where, for any open set V C 

S/Ds, the bracket {■,-fJ''' : C^/^JF) x -> C^/OsiV) d^^^n by 

{f,gfy/''^nns{m)) -.^ {F,G}{m), 

for any m G T^jj^iV) for local D-invariant extensions F,G at m of f o tiq^ and g o ttd^, respectively. 

Theorem 1.6 Let (M, {■,■}) be a Poisson manifold with associated Poisson tensor B G K^{T*M), 
S a decomposed space, and D C TM\s a Poisson integrable generalized distribution adapted to the 
decomposition of S (see Definitions \l.4\ and \l.lp . Assume that C^jj~i^ has the (D, Ds)-local extension 
property. Then (M, {•, •}, D, S) is Poisson reducible if for any m ^ S 

B«(A„)c [A^]° (1.3) 

where A„i := {dF{m) \ F G C°°{Um),dF{z)\jj(^z) — 0, for all z G Umf^S, and for any open neighborhood 
Um of m in M} and := {dF{m) G A„j | F\u^r]V,r^ is constant for an open neighborhood Um of m in 
M and an open neighborhood Vm of m in S}. 

If S is endowed with the relative topology then A;^ := {dF{m) G A™ | F\ij^nVm is constant for an open 
neighborhood Um of m in M}. 

Reduction by regular canonical distributions. Let {M, {■,■}) be a Poisson manifold and S an 
embedded submanifold of M. Let D C TAI\s be a subbundle of the tangent bundle of M restricted to 
S such that Ds := D n TS is a smooth, integrable, regular distribution on S and D is canonical. 

Theorem 1.7 With the above hypotheses, (M, {■,■}, D, S) is Poisson reducible if and only if 

B^{D°)cTS + D. (1.4) 
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2 Applications of the Poisson Reduction Theorem 



Reduction of coisotropic submanifolds. Let {M, {■,■}) be a Poisson manifold with associated 
Poisson tensor B e A^(T*Af) and S an immersed smooth submanifold of M. Denote by {TS)° 
{as G T*M I {as,Vs) = 0, for aU s G 5, G TgS} C T*M the conormal bundle of the manifold 
S; it is a vector subbundle of T*M\s. The manifold S is called coisotropic if i{TS)°) C TS*. 
In the physics literature, coisotropic submanifolds appear sometimes under the name of first class 
constraints. The following are equivalent: 

(i) S is coisotropic; 

(ii) if / e C°°(M) satisfies f\s = then Xf\s e X{S); 

(iii) for any s G S, any open neighborhood Us of s in M, and any function g G C°°{Us) such that 
Xg(s) G T^S', if / G C°°{Us) satisfies {/,.g}(s) = 0, it follows that Xf{s) G TsS; 

(iv) the subalgebra {/ G C°°(Af) | /|s = 0} is a Poisson subalgebra of (C°°(M), {•, •}). 

The following proposition shows how to endow the coisotropic submanifolds of a Poisson manifold with 
a Poisson structure by using the Reduction Theorem 1 1.61 

Proposition 2.1 Let [M, {•, •}) be a Poisson manifold with associated Poisson tensor B G A^(T'*Af). 
Let S be an embedded coisotropic submanifold of M and D :— B'^{{TS)°). Then 

(i) D = D D TS = Ds is a smooth generalized distribution on S . 

(ii) D is integrable. 

(iii) If (^"s/Ds ^'^^ Ds)-local extension property then (M, {•, •}, D, S) is Poisson reducible. 

Coisotropic submanifolds usually appear as the level sets of integrals in involution. Let (Af, {•,•}) 
be a Poisson manifold with Poisson tensor B and let /i , . . . , fk G (M) be k smooth functions 
in involution, that is, = 0, for any i,j G {l,...,/c}. Assume that G M'^' is a regu- 

lar value of the function F := (/i,...,/^) : M -> M.^ and let S := F-^{Q). Since for any s G 5, 
span{d/i(s), . . . ,d/fc(s)} C {TsS)° and the dimensions of both sides of this inclusion are equal it fol- 
lows that span{d/i(s),...,d/fe(s)} = {TsSf . Hence B»(s)((T,5)°) = span {X/, (s), . . . , AT/, (s)} and 
B'^{s){{TsS)°) C TgS by the involutivity of the components of F. Consequently, 5 is a coisotropic 
submanifold of (M, {•,•}). 

Cosymplectic submanifolds and Dirac's constraints formula. The Poisson Reduction Theo- 
rem ^-Hows us to define Poisson structures on certain embedded submanifolds that are not Poisson 
submanifolds. 

Definition 2.2 Let {M, {•, •}) be a Poisson manifold and let B G A'^(T*M) be the corresponding Poisson 
tensor. An embedded submanifold S G M is called cosymplectic if 

(i) B^{{TSy)nTS = {0}. 

(ii) TsS + TsCs^TsM, 

for any s Cz S and Cs the symplectic leaf of (M, {•, •}) containing s £ S . 
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The cosymplcctic submanifolds of a symplcctic manifold (M, lu) arc its symplcctic submanifolds. Cosym- 
plectic submanifolds appear in the physics literature under the name of second class constraints. 

Proposition 2.3 Let (M, {•,•}) be a Poisson manifold, B G A^(T*M) the corresponding Poisson ten- 
sor, and S a cosymplectic submanifold of M. Then for any s G S 

(i) T,Cs = (T.SnTsCs) © B*{s){{TsS)°), where is the symplectic leaf of (M, {•,•}) that contains 

sgS. 

(ii) {T,S)°nkeTBi{s) = {0}. 

(iii) T,M = B^{s){{TsS)°)®T,S. 

(iv) B^{{TS)°) is a subbundle ofTM\s and hence TM\s = B^{{TS)°) ®TS. 

(v) The symplectic leaves of{M, {■, •}) intersect S transversely and hence SDjC is an initial submanifold 

of S, for any symplectic leaf L of (M, {•,•}). 

Theorem 2.4 (The Poisson structure of a cosymplectic submanifold) Let (M, {•, •}) be a Pois- 
son manifold, B G A^(T*M) the corresponding Poisson tensor, and S a cosymplectic submanifold of 
M. Let D := B^{{TS)°) c TM\s. Then 

(i) (M, {•, •}, D, S) is Poisson reducible. 

(ii) The corresponding quotient manifold equals S and the reduced bracket {•, •}'^ is given by 

{/,fff(s) = {F,G}(.), (2.1) 

where f,g€ C's°m(^) ^''"^ arbitrary and F,G € C°°{U) are local D -invariant extensions of f and 
g around s G S, respectively. 

(iii) The Hamiltonian vector field Xf of an arbitrary function f 6 C'sm(I^) is given either by 

TioXf =XFoi, (2.2) 

where F G C°°{U) is a local D-invariant extension of f and i : S ^ M is the inclusion, or by 

TioXf =-KsoXpO i, (2.3) 

where F G C°°{U) is an arbitrary local extension of f and tts '. TM\s —>■ TS is the projection 
induced by the Whitney sum decomposition TM\s = BH(TS)°) ® TS ofTM\s. 

(iv) The symplectic leaves of {S, {•, ■}^) are the connected components of the intersections SOC, where 
C is a symplectic leaf of (M, {•, •}). Any symplectic leaf of {S, {■, •}^) is a symplectic submanifold 
of the symplectic leaf of (M, {•,•}) that contains it. 

(v) Let Cs and Cf be the symplectic leaves o/(M, {•,•}) and (S*, {■. ■}'''). respectively, that contain the 

point s € S. Let uic, and lo/^s be the corresponding symplectic forms. Then B^{s){{TsS)°) is a 
symplectic subspace ofTgCg and 

i?«(s)((T,5)°) = (T,£f)"^»^'\ (2.4) 
where {TgCg)'^^^^^^ denotes the to c^i^)- orthogonal complement ofTgL^ in TgCg. 
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(vi) Let Bs E A'^{T*S) be the Poisson tensor associated to {S, {•, ■}^). Then 

Bl = 7rsoB^\so7T*s, (2.5) 

where ttJ : T*S — > T*M\s is the dual ofiTs ■ TM\s — > TS. 

The Dirac constraints formula is the expression in coordinates for the bracket of a cosymplectic 
submanifold. Let {M, {•,•}) be a n-dimensional Poisson manifold and let 5* be a fc-dimensional cosym- 
plectic submanifold of M. Let zq be an arbitrary point in S and (11,1^) a submanifold chart around zq 
such that K = (jp,ip) '■ U ^ Vi X V2, where Vi and V2 are two open neighborhoods of the origin in two 
Euclidean spaces such that k{zo) = (Tp{zo), ipizo)) = (0, 0) and 

k{U nS) ^Vi X {0}. (2.6) 

Let ^ =: (^^, . . . ,^'^) be the components of Ip and define := ^^Ic/nS, ■— ^''\uns- Extend 

0^ ^ . . . ^(p^ to Z)-invariant functions (p^, . . . ,(p'' on U. Since the differentials d(p^{s), . . . , d(p^{s) are lin- 
early independent for any s G UDS, we can assume (by shrinking U if necessary) that d(p^{z), . . . , d(p'^{z) 
are also linearly independent for any z € U. Consequently, {U, k) with k := {(p^, . . . , tp*', -0^, . . . , t/j""*^), 
is a submanifold chart for M around zq with respect to S such that, by construction, 

d(p^{s)\Blt(s){{T,S)'>) = ■■■ = d(p''{s)\Blt{s){{T,S)°) = 0, 

for any s G U H S. This implies that for any i £ {1, . . . , k}, j G {1, . . . ,n — fc}, and s G S 

{0,ij^}is)^d^\s) {X^,is))=0 
since dV'^ (s) G {TsSY by EEl and hence 

X^,{s)eBHs){{TsSr). (2.7) 
Additionally, since the functions (p^, . . . ,ip'' are D-invariant, by (|2.2() . it follows that 

Xj^i (s) = X^i (s) e TsS, . . . , X<^f= (s) = Xg,k (s) e T^S, 
for any s G S*. Consequently, {^ipi (s), . . . , X^k (s), (s), . . . . X^^-t (s)} spans Ts£s with 

{x^i(s),...,x^.(s)} cr,5nr,/:, 

and 

{X^i(s), . . . ,X^„~.(s)} c B«(s)((T,5)°). 

By Proposition 12. 3r i1. 

span{X<^i(s), . . . ,X^k{s)} = T^S OT^Cs 

and 

span{X^i(s), . . . ,X^„-.(s)} = B\s){{T,Sy). 

Since dim {B\s){{TsS)°)) = n - fc by Proposition E^ti"), it follows that {X^i{s), . . .,X^^-k{s)} is a 
basis of B^{s)i{T,S)°). 
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Since B^{s){{TsS)°) is a symplectic subspace of TgCg by Theorem 12. 4lf v1. there exists some r G N 
such that n — fc = 2r and, additionally, the matrix C(s) with entries 

C'^is) :={#,^^"}(s), {!,..., n-fc} 

is invertible. Therefore, in the coordinates ((/j^, . . . , (/?'^, -0^, . . . , ■0""'^), the matrix associated to the 
Poisson tensor B{s) is 

Bsis) \ 
Cis) J ' 

where Bs S A^(T*5) is the Poisson tensor associated to (5, {-j-}"^). Let Cij{s) be the entries of the 
matrix C{s)~'^. 

Proposition 2.5 (Dirac formulas) In the coordinate neighborhood {(p^ , . . . , ip'^ , ip^ , . . . , tp"-~'') con- 
structed above and for s ^ S we have, for any /, 5 £ C^s^Aii^)' 

n — k 

Xf{s) = Xf{s) ~ J2 {F,r}{s)Qjis)X^^is) (2.8) 

and 

n — k 

{f,9}'{s) = {F,G}{s) - {F,^lj'}{sn,{s)W,G}{s), (2.9) 
where -F, G G C°°(U) are arbitrary local extensions of f and g, respectively, around s S . 
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